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ABSTRACT. In this paper we prove the L°-boundedness of solutions of the
quasilinear elliptic equation

Au = f(z,u, Vu) in Q,
9u =g(z,u) on 09,
ov

where A is a second order quasilinear differential operator and f : QxRxRN —
R as well as g : 92 X R — R are Carathéodory functions satisfying natural
growth conditions. Our main result is given in Theorem 4.1 and is based on the
Moser iteration technique along with real interpolation theory. Furthermore,
the solutions of the elliptic equation above belong to C1%(Q), if g is Holder
continuous.

1. INTRODUCTION

Let © c RY be a bounded domain with Lipschitz boundary 09. We consider
the quasilinear elliptic equation

Au = f(x,u, Vu) in Q,

ou (1.1)
W g(z,u) on 01,

where % denotes the conormal derivative of u. Here, A is a second-order quasilinear
differential operator in divergence form of Leray-Lions type given by

oo
Au(m) = - Z %ai(xv u(x)a Vu(x)),
i=1 ¢

and f: OxRxRY = Raswell as g : 92 xR — R are some Carathéodory functions.
For u € W1P(Q) defined on the boundary 9, we make use of the trace operator
v : WHP(Q) — LP(99Q) which is well known to be compact. For easy readability we
will drop the notation yu and write for short u, respectively, g(x, u) := g(x,yu).
The main goal of this paper is to prove a priori estimates for solutions of the
nonlinear elliptic equation in (1.1). For this purpose, we use some important tools
like the Moser iteration technique and real interpolation theory. By an a priori
estimate, we mean an estimate of the form

[ull () < C,
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for all possible solutions of (1.1) with some constant C' independent of w.
Concerning a priori bounds for elliptic equations with zero Neumann conditions we
refer to the results in [17] and [19], where they consider problems of the form

—Au+u=f(u), u>0 in Q,
ou
5—0 on 0,

in a bounded convex domain Q C R? with smooth boundary and A > 0. Motreanu
et al. have applied the Moser iteration, too, in [11, Proof of Proposition 2.5] to
prove L°°-boundedness for solutions of the Neumann problem

—divde(z, Vo) = fo(z,ve) + A fo(z, o) — Ae|ve — 20|P2(ve — 20) in Z,
0
a—?: =0 on 07,
where

De(2,8) = [€]P2 + Ao |Vao|P"2Vag + Ae|€ — Vo [P72(€ — Vay),

with Z C RY is a bounded domain with a C2-boundary 92,0 < \. < 1,¢ € (0, 1],
xg € L>(Q) fixed and with a Carathéodory function fy : Z x R — R satisfying
some growth condition.

The novelty of our paper is the demonstration of a priori estimates for nonlinear
elliptic equations with nonlinear nonhomogenous Neumann boundary values of the
form (1.1), where the Carathéodory functions f and g depend on u,Vu and u,
respectively, satisfying a natural growth condition. Additionally, we extend our
results and show that every solution of (1.1) belongs to C1%(€) in case g satisfies
the condition

lg(z1,51) — g(x2, 52)| < L||z1 — 2| + |51 — 32|°‘},

for all pairs (x1,51), (22, s2) in OQ X [—My, M), where My is a positive constant
and « € (0,1]. The Cl-regularity follows directly from the L>°-boundedness along
with the results of Liebermann in [10].

2. NOTATIONS AND HYPOTHESES

Let % + % = 1. We suppose the following conditions on the operator A and the
nonlinearities f: @ x R x RY - R and ¢g: 092 x R — R.
(Al) Each a;(z,s,€) satisfies Carathéodory conditions, i.e., is measurable in
r € Q for all (s,£) € R x RV and continuous in (s,¢) for a.e. z € Q.
Furthermore, a constant ¢y > 0 and a function ko € L?(Q) exist so that

|CL7;(Z‘,S,£)| < k‘o(.]f) + c()(|5|p_1 + |£|P—1)7

for a.e. € Q and for all (s,£) € R x RV, where |¢| denotes the Euclidian
norm of the vector &.
(A2) The coeflicients a; satisfy a monotonicity condition with respect to £ in the
form
N
Z(ai(xv 3’6) - ai(xv Saé))(&i - gz/) >0,
i=1

for a.e. x € Q, for all s € R, and for all £,& € RN with ¢ # &',
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(A3) A constant ¢; > 0 and a function k; € L°°() exist such that

N
D aiw, 5,08 > eiléf — k()
i=1

for a.e. x € Q, for all s € R, and for all £ € RV,
(F1) x+ f(z,s,&) is measurable in § for all (s,&) € R x RY.
(F2) (s,&) = f(z,s,€) is continuous in R x RY for almost all z € Q.
(F3) There exists a constant cg > 0 such that

f(2,5,6)] < (L +[sIP~H + €7, (2.1)

for a.e. z € Q, for all s € R and for all £ € RV,
(G1) = — g(x,s) is measurable in 99 for all s € R.
(G2) s g(x,s) is continuous in R for almost all z € 99.
(G3) There exists a constant ¢z > 0 such that

l9(@, 8)] < es(1+|s[P7), (2.2)

for a.e. x € 992 and for all s € R.

Condition (A1) implies that A : W1P(Q) — (W1P(Q))* is bounded continuous and
along with (A2) it holds that A is pseudomonotone. Due to (Al) the operator A
generates a mapping from WP () into its dual space defined by

(Au, @) = /ZaZ

where (-,-) stands for the duality pairing between W1P(Q) and (WLP(Q))*. As-
sumption (A3) is a coercivity type condition. The conditions (F3) and (G3)
ensure that the corresponding Nemytskij operators F' : W'P(Q) — L9(Q) and
G : LP(09Q) — L9(99Q) defined by

FU(:L') = f(x,u(x),Vu(z)), GU(I) = g(xﬂu(‘r))7

are bounded and continuous (see e.g. [18]). The definition of a solution of problem
(1.1) in the weak sense is defined as follows.

Definition 2.1. A function u € WYP(Q) is said to be a weak solution of (1.1) if
the following holds

/ani(

Remark 2.2. The growth conditions on the function f and g can be relazed, re-
placing |s|P~ by |s|? for a suitable ¢ > p—1. Thanks to the Sobolev embedding and
to the trace embedding, the definition of a weak solution to the Neumann problem
would also be consistent in this case. For reasons of simplification, we deal with the
given growth conditions as in (2.1) and (2.2).

— [ feuVopds+ [ g updn v W),
Q o0
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S S
3. THE SPACES qu AND qu

In this section, we give a brief overview about Besov spaces (respectively, Lizorkin-
Triebel spaces) which are needed in the proof of our main theorem.
If A is a Banach space, then

=

oo

I (A) = Q€ 6= {85036 € Aillélly = [ D_2PIGIE | <o

=0

for 1 < p < oo and
@&M{&S&ﬁﬁm&eAﬂm@mmWﬂwu<m%
J

for p = oo are also Banach spaces (cf. [14, Section 1.18]) where o is a real number.
We recall that S = S(RY) is the set of all complex-valued rapidly decreasing
infinitely differentiable functions defined on the N-dimensional real Euclidean space
RN, The spaces S(RY) and S’(RY) (dual space) have their usual topologies, where
S'(RY) is equipped with the strong topology. We denote by F the Fourier transform
in S and the support of a distribution f is written as supp f. Further, we set

Mj={6:¢eRN 27 < gl <2t} j=1,2,...,
Mo ={¢: ¢ eRY ¢ <2}
Then we introduce the spaces B3, (RY) and Fj5 (RY) as follows (see [14, Definition

2.3.1/1)).
Definition 3.1.

(a) For —o0o < s < 00,1 <p<oo, and 1< q < oo one sets

By, (RY) =S f:feS'RY);f=> aj(x);supp Fa; C Mj;

j=0

1
0o a

a5 lis 2,y = | D27 llas(@)],)?| < oo
j=0
and for —oo < s < 00,1 < p < 00, and g = co one sets

BZOO(RN) =S f:feSRN)f= Zaj(gc);supp]:aj C Mj;

Jj=0

[{a;}

wmzmmwwmm<m}
J

Further, for —oo < s < 00,1 <p<oo and 1< g < oo let

£l e = a1} gee,-
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(b) For —oco < s < 00,1 < p < o0, and 1 < g < oo one sets

F;q(RN) = f:feSRY);f= Zaj(m);supp]:aj C Mj;

Jj=0

Bl

oo
las}lo, ap) = / S 29a; (@)1 | de| <o
§=0

Further, let
s = inf a; ).
||f||qu(]RN) fo>a ||{ J}HLp(lq)

(¢) For —oo < s < oo and 1l <p < oo one sets
H3(RY) = F5,(RY).
(d) For1l<p< oo one sets

H*(RN ifs=0,1,2,...
W;(RN)_{ f( N) ZfS Oa ) , )
By, (RY) if 0 < s # integer.
The proof of the following theorem can be found in [14, Theorem 2.3.2].
Theorem 3.2.

(1) Let —oo < s < 00,1 <p < oo, and1 < q < oco. Then Bi,(RY) is a Banach
space.

(2) Let —o00 < s < 00,1 <p< oo, and 1< q<oo. Then F3,(RY) is a Banach
space.

It is clear, that all notations above hold true if we replace RY by a bounded
domain Q c RY. The spaces B;, and Fj, are called Besov and Lizorkin-Triebel
spaces, respectively, which are equal in case p = ¢ with 1 < p < oo and —o0 < s <
oo. We see that the spaces W7 with s = 1,2,3,... coincide with the well-known
Sobolev spaces introduced by S.L. Sobolev and the extension of the definition of the
spaces W, to values 0 < s # integer are the so-called Slobodeckij spaces. Finally, it
was shown that H, with s > 0 coincide with the well-known Lebesgue (or Liouville,
or Bessel-potential) spaces. For more details we refer for example to the books of
H. Triebel in [14, 15, 16] or to the monograph of Runst and Sickel in [12].

In our considerations, we need the following continuous embeddings

s—1 1
Ty : B, (2) — Byp " (09), with s > —,
p

s—1 s—1 1

Ty : Byp " (09) = Fpp *(09) — Fi5(09) = LP(69)), with s > e

where Q is a bounded C'*°-domain (see [12, Page 75 and Page 82|, [14, 2.3.1 and
2.3.2] and [15, 3.3.1]). Let s = m + ¢ with m € Ny and 0 < ¢ < 1. Then the
embeddings are also valid if 9Q € C™1 ([13]). In [3, Satz 9.40] the proof is given for
p = 2, however, it can be extended to p € (1, 00) by using the Fourier transformation
in L2(0) ([1]).
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We set s = % + &, where € > 0 is arbitrarily fixed such that s = % + & < 1. Thus,
the embeddings are valid for a Lipschitz boundary 0€2. This yields

Ty : By (Q) = LP(09),

which means

+&

(Q), (3.1)

1
o]l (a0) < callv]] oy TV B

1,
P
PP
where ¢4 is a positive constant. The real interpolation theory implies

L), Wh(Q), . = Bh (%),

;"!‘5717

(F;())Q(Q)v FI}Q(Q))%+5P = (

(see [1], [14], [15], [16, Section 1.6.2 and 1.6.7]) which ensures the norm estimate

T+E 1-1-% 1.p
HvllB%+E(Q) < C5Hv||W1,p(Q)”U||Lp(Q) , YveWHP(Q), (3.2)

(cf. [14, Theorem 1.3.3 (g)]) with a positive constant ¢5 only depending on the
boundary 92.

4. MAIN RESULTS

Theorem 4.1. Let the conditions (A1)-(A3),(F1)-(F3) and (G1)-(G3) be satis-
fied. Let u € WYP(Q) be a solution of (1.1). Then u € L>®(1).

Proof. To prove the L*-regularity of u, we will use the Moser iteration technique
(see e.g. [5], 6], [7], [8], [9]). It suffices to consider the proof in case 1 < p < N,
otherwise we would be done. First we are going to show that u™ = max{u,0}
belongs to L> (). For M > 0 we define vps(2) = min{u™ (x), M}. Letting K (t) =
ift <M and K(t) = M if t > M, it follows by [9, Theorem B.3| that K o u™ =
vyr € WHP(Q) and hence vy € WHP(Q) N L>®(Q). For real k¥ > 0 we choose
p = vﬁ’“ then Vo = (kp + 1)vﬁ/’[”VvM and ¢ € WHP(Q) N L>=(Q). Notice that

u(z) < 0 implies directly vps(z) = 0. Testing the weak formulation in Definition
2.1 with ¢ = vﬁf}“ one gets

(kp+1) / Z(h tv )vﬁff’aaq;ydm

/f )ﬁ+1d$+/ 9(157“+)”1v1+1d‘7
a0

(4.1)
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Applying condition (A3) and the Holder inequality, the left-hand side of (4.1) can
be estimated to obtain

N
(kp+1)/9;ai(:c,u+,Vu+)vﬁfaa:\fldx

K2

N
0
= (kp + I)A;ai(ac,vM,VvM);;jvﬁdx

2@m+n/lqumpfmw$m; (4.2)
Q

kp+1 k+1 / +\k
> Pdx — 1 Pd
_C1(k+1)p /Q|VUM [Pdz —e1(kp+ 1) Q(u )P dx

kp
kp+1 k 1 i +Dp
2 Clm/QWUMHIpdx —e1(kp+1)|Q|F (/Q(u+>( +1)p g ,

where e; = ||k1]lco. The assumption (F3) along with the Holder inequality and
Young’s inequality implies

/ fz,ut, Vu*)vﬁf}“dx
Q

SCQ/(1+|U+|p_1+|vu+|p_1)’l)§5+1d$
Q

kp+1
p—1 (k+1)p
< co|Q TR (/ (U+)(k+1)pdx> k+ +cg/(u+)(k+1)pd$
Q Q

(4.3)
o Q
kptl
o k+1)
<es (ut)*+DP gy F(1+C0)es [ (wh)EHDPgy
“ Q
026 +\k+1|p
Tr1p dzx.
- (k+1)p/ﬂ|v(“ ) Pd
The same arguments for the boundary integral provide
/QWWWWHWSQ/(HmmVWW“w
aQ 00
(4.4)

kp+1
TDp
<e3 (/ (u+)(k+1)”da) + 64/ (ut)F+Dr g,
09 o9
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Applying the estimates (4.2)—(4.4) to (4.1) one gets

kp+1 k+1|p
(k+ 1) /|v [Pda

kp+1
[N
<e / (u*)‘“l)pdx) +(1+C(0)e2 / (ut) By
Q2 Q

kpt1
20 k1P / (D) +Dp

d Pd

+(k+1)p/Q|V(u P e ([ )+

kp
+ 64/ (u+)(k+1)11da +es(kp+1) (/ (u+)(k+1)pdx> b .
o Q

We have limp; 00 vas(2) = uT(x) for a.a. € Q and can apply Fatou’s Lemma
which results in

1
kp + / V() P

+1)
( k+1 pdx> REDp + (14 C(6))ea / (u+)(k+1)pdx
¢ it (4.5)

c20 +)k+1p / Hykp g, )
+ (k+1)1’/9|v<u )T Pdr + e 8Q(u ) do

kp
T+Dp
+ 64/ (u+)(k+1)pda +es(kp+1) (/ (u+)(k+1)pdx> )
o0 Q

We have either

kp+1 kp+1
(/ (u+)(k+1)pdas) = +Dp <1 or (/ (U+)(k+l)pdx> ¥ Dp < /(u+)(k+1)pdx,
Q Q Q

respectively, either

_kpt1 _kptl
(/ (u+)(k+1)pda) (=+Dp <1 or (/ (u+)(k+1)pda> (k+D)p S/ (u+)(k+1)pdo.’
o0 o0 o9

and finally, either

k1 (kfrq)p htl (kiﬁ)p k1
(/ (ut) )pdx) <1 or (/ (ut) )pda:) < /(u+)( Py,
Q Q Q

Using the calculation above to (4.5), we obtain

kp+1 c20 k+1p
[(k+1) (k+1)p }/'V ["dx

< (C(6)es + eq(hp + 1))/

(wt)FHDPdg 4 ef / (ut)FHDPdo 4 e,
Q

[2}9)

kp+1

where the choice § = results in

k 1
p+ / IV () Pl

(u+)(’“+1)pdx+e7/ (U+)(k+1)pd0'+€8.
oQ

< eg(kp+ 1)/

Q
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It should be pointed out that

ST

_4q 1 262 % 1 P 1
05—5 P o= = —_— . <
(9) = (9p) q <p> <k:p—|—1> q_610

with a positive constant e;y where We have set eg = epcs + eg. Adding on both
sides of (4.6) the positive integral Jo (uh)*HDPdy yields

2(k+1)P
kp+1
2k + 1)p

< ell(kp+1)/(u+)(k+1)pdﬂc+e7/ (u*)(’““)pda—ke&
Q 9

|V(u+)k+1|pdx+/
Q

(u+)(k+1)pd4
Q

(4.7)

due to the fact that Q(kkp%l)p < kp+1 for all £ > 0. Next we want to estimate the

boundary integral by an integral in the domain Q. Using (3.1), (3.2) and Young’s
inequality yields

/ ((u-i-)k—i-l)pda
o

= H(U+>k+1”ip(ag)
< )P,

Bp, (Q) (4.8)
k1 (3HE)P 1 vkt (-3 —E)p
< chck||(u™) HWIP(Q)H( ) HL:D(Q
1 1—
< ek (@GRS + O IE & T
= G (TN By + CONNEH )
where ¢ = % and ¢ = p_f’_gp satisfy %+ % =1 and ¢’ is a free parameter

specified later. Note that the positive constant C'(§’) depends on ¢’. Applying (4.8)
o (4.7) shows

kp+1 YR / (k+1)
_— d Pd
2(k+1)p {/ IViu P + Q( ") v
<enlhp+1) [ @S DPdoper [ @) 4
Q o0
< enlbp+1) [ @)EPdat e |6+ e,

+ 6120(6I)H( k+1||Lp () + €s,

kp+1

where e13 = ezclicf is a positive constant. We take §' = cmitiiTr to get
kp+1 kp+1 / YR / Yt
- d + rd
(2(k+1)p 2 A+ )P ){ V@D Pde £ [ )T e
<en(kp+1) / (U+)(k+1 Pdx 4 6120(5/)||(U+)k+1”1£p(9) + es (4.9)
Q

<es(kp+1+C(8)) / (ut)FHDP Ay 4 eg,
Q
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where it holds

4eq9 ¥ (k‘-i—l)p)q
kp+14+C)=kp+1 —) .=
p+1+C(0) =kp+ +(p> (kp+1

< e1s (kp+1+ ((k“)»
(kp+1)#=T

< ers(kp+1)7°T

s
—_

Applying the calculations above to (4.9) provides

kPJFl [/ IV (u k+1‘pdx+/| k+1pd4
< enllp+ )77 | [ (@) 1),
Q

equivalently

I e < G+ 1756+ s | [ a1
Q
By Sobolev’s embedding theorem a positive constant ejg exists such that
1) o 0 < exsll (@) lwrn o),
Np

wherep*:Nip ifl<p< N and p* =2pifp=N. We get

HU+HL(’“+1)P* (Q)

1
_ +\k+1| k+1
= |(u™) ||Lp*(Q)

1 1
<ers @) I q)

1 (k+1)p
< ((kp+ )T (e + 1) T Ug(w)wﬂw)dxﬂ] ,

Since ((kp+ 1) &7 (k+1))ﬁ >1and lim ((kp+1)*<p31>p (k+1)) T,

1 1
T

there exists a constant ejg > 1 such that ((kp + 1)@= (GEp (k+ 1)) <ey . We
obtain

1
*+Dp
[l 1| i1y @ = 618 619 61(1;“)? {/ (u+)(k+1)p)d5”+1] . (4.10)
Q
Now, we will use the bootstrap arguments similarly as in the proof of [8, Lemma
3.2] starting with (k1 4+ 1)p = p* to get
[t || o () < (k)

for any finite number k > 0 which shows that u™ € L"(Q) for any r € (1,00).
To prove the uniform estimate with respect to k we argue as follows. If there is a
sequence k, — oo such that

/(qu)(k"Jrl)pdx <1,
Q
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we have immediately
[ut | L) < 1,

(cf. the proof of [8, Lemma 3.2]). In the opposite case there exists ko > 0 such that

/(u+)(k+1)pdx > 1
Q

for any k > ko. Then we conclude from (4.10)

1
[uF || e ) < 61’“8“61“9 e(’“’”” lu™ || ck+1rp, for any k > ko, (4.11)

where ez = 2e17. Choosing k := ky such that (k1 + 1)p = (ko + 1)p* yields

||’lL ||L(k;1+l)p @ < 6Ic1+1 1\9/k1+16(k1+1)PHu+||L(k1+1)p(Q)

Next, we can choose ko in (4.11) such that (ke + 1)p = (k1 + 1)p* to get

Hu ||L<k2+1>p @ < el2+1 1\9/k2+1 (k2+1)p||u+||L(k2+l)p(Q)
1
€f§+1 ‘319k2Jrl 62(82+1)P [|u

+ ||L(k1+1)p* ()"

By induction we obtain

HU HL(’%+1)P @ < 6kn+1 61\/9 n+1 (kn+1)p||u+||L(kn+1)p(Q)
1
= ef§+1619kn+1 QW [[u

+ ||L(kn—1+1)p* Q)

where the sequence (ky,) is chosen such that (k, + 1)p = (kn—1 + 1)p* with kg > 0.
One easily verifies that k, +1 = (%) . Thus

it e +1 i \/k +1 27 1 (k;+D)p +1)p ||U

[ || Len+00% () = €18 €19 +||L<ko+1>r’*(9)’

with r, = (k, + 1)p* — o0 as n — co. Since ﬁ = (p%)i and £ <1 there is a
constant ep; > 0 such that

||u+||L(k,n+1)p* ) < 621||u+||L(k,0+1)p* ) < o0. (4.12)

Let us assume that u™ ¢ L>°(Q2). Then there exist > 0 and a set A of positive
measure in Q such that u™ () > ea1 [|[u || to+1p® () + 1 for z € A. Tt follows that

S
u+ (kn+1)p* > U+x (kn+1)p* (kn+1)p
L )
A

o
> (ean|Ju™ || Loro+nem () + M) A[FnFDP7
Passing to the limes inferior in the inequality above yields
linHLHéf ||u+||L<kn+1>p*(Q) > 621||u+||L<’“0+1)"*(Q) 1,

which is a contradiction to (4.12) and hence, u* € L>®(Q). In a similar way one
shows that v~ = max{—wu,0} € L>(Q). This proves u = u™ —u~ € L>=(Q). O
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Remark 4.2. Note that the finiteness of the integrals

/ IV (u*)FH P, / () P
Q Q

is shown in the end of the proof of Theorem 4.1 by a suitable choice of the parameter
k. This is a typical proceeding in the use of the Moser iteration (see, e.g. [8]).

Let us now suppose an additional condition to the function g : 2 x R — R as
follows.

(G4) g satisfies the condition
l9(x1,51) — g(@2,52)| < Lifwy — 22| +[s1 — 82|a],

for all pairs (1, $1), (z2,82) in 90 x [—My, My], where My is a positive
constant and « € (0, 1].

Theorem 4.3. Let the conditions (A1)-(A3),(F1)-(F3) and (G1)-(G4) be satis-
fied. Let uw € WYP(Q) be a solution of (1.1). Then u € C1*(Q).

Proof. Theorem 4.1 implies u € L*°(£2). Moreover, we see at once that the as-
sumptions (0.3a)—(0.3d) and (0.6) in [10] are satisfied which yields in view of [10,
Theorem 2] the assertion. O O

Example 4.4. Let A = —A,,1 < p < oo, be the negative p—Laplacian which is
defined by

~Apu = —div(|VulP~?Vu)  where Vu = (0u/0zy,...,0u/0zN). (4.13)
The coefficients a;,i =1,..., N are given by
ai(z,5,€) = [€P7&.
Thus, hypothesis (A1) is satisfied with ko = 0 and ¢o = 1. Hypothesis (A2) is a
consequence of the inequalities from the vector-valued function & w |£|P~2€ (see [2,

Page 37]) and (A3) is satisfied with ¢y = 1 and k1 = 0. Our equation in (1.1) gets
the form
—Apu = f(z,u, Vu) in 8,
9 4.14
|Vu|p72a—z = g(z,u) on 09, (4.14)
where % means the outer normal derivative of u with respect to 02. Theorem
4.1 and Theorem 4.3 ensure under the assumptions (F1)—-(F3) and (G1)-(G4) that
every solution u of (4.14) satisfies u € L () and u € CH*(Q).
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